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Abstract. We point out the relations between the classical and the adjunction-theoretic definition
of scroll over varieties of dimension four. In particular, we prove that an adjunction-theoretic scroll
of dimension greater than or equal to seven, polarized by a very ample line bundle, is also a classical
scroll and that a classical scroll is an adjunction-theoretic scroll with a few exceptions.
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Introduction
Let X be a smooth connected n-dimensional variety and let L be an ample line bundle
on X . In very classical times, the word “scroll”, here referred to as a classical scroll, was
used to denote a Pk-bundle X over a variety Y together with L such that LF ' OPk(1)
for any fiber F ∼= Pk with k = n − dimY . Recently, this definition of scroll has been
replaced by another one more adequate from the adjoint theoretic point of view. In modern
terms, we say that a pair (X,L) as above is an adjunction-theoretic scroll over a normal
variety Y , if there exists a morphism with connected fibers, p : X → Y , such that
KX + (n − dimY + 1)L ' p∗H for some ample line bundle H on Y . The general
fiber F of p is such that (F,LF ) ∼= (Pk,OPk(1)), k = n − dimY , but the special fibers
can vary quite a lot. So, it seems very natural to investigate the relations between the two
definitions of scrolls, by asking the following
Question. What are the differences between classical and adjunction-theoretic scrolls
over varieties of small dimension?
In this paper, we give an answer to this Question for scrolls over varieties Y of dimen-
sion four, when the polarization L is a very ample line bundle.
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In particular, along one direction, the first two authors of [13] conjectured that an
adjunction-theoretic scroll (X,L) over Y , with L an ample line bundle on X , is also a
classical scroll over Y if n ≥ 2m − 1, where n = dimX and m = dimY . Actually,
when L is very ample, for n ≥ 2m+ 1 this conjecture is a consequence of a result of Ein
(see [14, (1.7)]), for n = 2m it has been considered indirectly in [9], [27] and [32], but for
n = 2m − 1 it remains hard in general. However, the above conjecture was completely
solved in the following settings:
(1) L is merely ample and all fibers are n−m dimensional ([15]);
(2) L is ample and spanned and m ≤ 2 ([28]);
(3) L is very ample and m = 3 ([13]).
Here we carry on this program by proving that the above conjecture is again true
when either L is ample and spanned with m ≤ 3, or L is very ample and m = 4 (see
Proposition 2.1 and Theorem 2.2 respectively). More precisely, in the latter case, using
slicing techniques and results about contractions of smooth variety of dimension four,
we are able to determinate in this situation the special fibers of the scroll morphism,
p : X → Y , and to show that these kind of fibers cannot occur.
As to the other direction, in [11] the authors showed that a classical scroll over a
smooth manifold Y of dimension ≤ 3 is an adjunction-theoretic scroll with a few excep-
tions, relying principally on certain results of ampleness of adjoint bundles to an ample
vector bundle together with a part of Mori’s theory about extremal rays. In the final sec-
tion, we make some remarks about classical scrolls which are not adjunction-theoretic
scrolls, and we show that a similar result as in [11, (3.1)] can be obtained when Y is a
smooth variety of dimension four (see Proposition 3.4) as an immediate consequence of
recent classification results about the ampleness of suitable adjoint bundles (see [24] and
[4]). Thus, for scrolls over Y with dimY ≤ 4, we have complete results along both
directions.
Acknowledgments. Special thanks to Prof. Mauro C. Beltrametti for suggesting the
problem and for his guidance throughout this work. The author would like to thank also
Prof. Gianluca Occhetta for his kind comments and remarks about the final version of the
first part of this paper.
1 Notation and terminology
We work over the complex field C. By variety we mean an irreducible and reduced
projective scheme V of dimension n. We denote its structure sheaf by OV . If V is
normal, the dualizing sheaf KV is defined to be j∗KReg(V ), where j : Reg(V ) → V is
the inclusion of the smooth points of V andKReg(V ) is the canonical sheaf of holomorphic
n-forms. Note that KV is a line bundle if V is Gorenstein.
(1.1) We fix some more notation. We denote by
• ' the linear equivalence of line bundles;
• ci(E), the ith Chern class of a vector bundle E on V ;
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• ct(E) =
∑r
i=0 ci(E)ti, c(E) =
∑r
i=0 ci(E), the Chern polynomial and the total
Chern class of a vector bundle E on V of rank r, respectively;
• TV , the tangent bundle of V , for V smooth;
• NU |V , the normal bundle of U ⊂ V in V .
Line bundles and Cartier divisors are used with little (or no) distinction. Hence we shall
freely switch from the multiplicative to the additive notation and vice versa. Sometimes
the symbol “·” of intersection of cycles is understood.
(1.2) Through this paper it will be assumed that X is a smooth variety (n-fold) of dimen-
sion n ≥ 4.
(1.3) LetX be as in (1.2). A part of Mori’s theory of extremal rays is to be used throughout
the paper. We will use freely the notation of extremal rays, extremal rational curves and
we refer the reader to [19] and [21].
(1.4) Let X be as in (1.2) and let L be an ample line bundle on X . We say that (X,L) is
an adjunction-theoretic scroll (respectively a quadric fibration, respectively a Del Pezzo
fibration, respectively a Mukai fibration) over a normal variety Y of dimension m if there
exists a surjective morphism with connected fibers p : X → Y and an ample line bundle
H on Y , such that KX + (n−m+ 1)L ' p∗H (respectively KX + (n−m)L ' p∗H ,
respectively KX + (n−m−1)L ' p∗H , respectively KX + (n−m−2)L ' p∗H). We
say that (X,L) is a Del Pezzo variety (respectively a Mukai variety) if KX ' −(n− 1)L
(respectively KX ' −(n − 2)L). A Mukai variety (X,L) is said to be a a ruled Mukai
variety of rank r over a smooth variety Y if (X,L) is a Mukai variety and (X,L) ∼=
(PY (E),OP(E)(1)) for some vector bundle E of rank r over Y . We say that X is a Fano
manifold of index i if −KX is ample and i is the largest integer such that −KX ' iH
for some ample line bundle H on X . Finally, we say that (X,L) is a Pk-bundle over a
smooth variety Y , or a classical scroll, if there exists a surjective morphism p : X → Y
such that all fibers F of p are Pk and LF ∼= OPk(1). This is equivalent to say that
(X,L) ∼= (PY (E),OP(E)(1)), where E = p∗L is an ample vector bundle of rank k+ 1 on
Y . In this case the canonical bundle formula gives KX + (k + 1)L ' p∗(KY ⊗ det E).
(1.5) Finally, for general results on adjunction theory we refer to [28] and [12]. For some
further results on scrolls we refer to [10, (0.6), (3.1) and §4] and also to [13, §3].
2 Adjunction-theoretic scrolls
First of all, let us give here a consequence of well-known results.
Proposition 2.1. Let L be an ample and spanned line bundle on an n-fold X . Assume
that (X,L) is an adjunction-theoretic scroll, p : X → Y , over a normal projective
variety Y of dimension m ≤ 3. If n ≥ 2m − 1, then Y is smooth and p is a Pd-bundle
with d = n−m.
Proof. If m = 1, 2, then the result follows from [28, (3.3)]. So we assume that m = 3.
By [13, (3.2.1)] we know that p : X → Y has no divisorial fibers. Moreover, from [15,
(2.12)] we deduce that p is a Pd-bundle with d = n−m unless there exist isolated special
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fibers F of dimension n− 2. Since
dimF = n− 2 = n− 3 + 1 = dimX − dimY + 1,
by [6, (4.1)(ii)] we conclude that n− 2 ≤ n2 , i.e., n ≤ 4, but this gives a contradiction. 2
On the other hand, when the base Y of the scroll projection p : X → Y has dimension
four, we can give the following extension of [13, (3.2.3)].
Theorem 2.2. Let L be a very ample line bundle on an n-fold X . Assume that (X,L)
is an adjunction-theoretic scroll, p : X → Y , over a normal projective variety Y of
dimensionm ≤ 4. If n ≥ 2m−1, then Y is smooth and p is a Pd-bundle with d = n−m.
Proof. Form ≤ 3 the result is shown to be true by Proposition 2.1 (see also [13, (3.2.3)]).
Moreover, if n ≥ 2m, then by [32, (2.6)], we get the statement. So we can assume that
n = 7 and m = 4. Note that [13, (3.2.1)] applies to say that p is the contraction of a
numerically effective extremal ray R = R+[l], where l is a line in a general fiber P3 and
p has no divisorial fibers. Let Z := {y ∈ Y | dim p−1(y) > 3}. By [13, (3.2.5)] we
see that Z is finite. Note that p has no fibers of dimension four, since otherwise by [6,
(4.1)(ii)] it would follow that 4 ≤ n2 , i.e., n ≥ 8, but this is absurd.
Now, let F be a five dimensional fiber of the scroll projection p : X → Y .
Claim. The pair (F,LF ) is either (i) (P5,OP5(1)), or (ii) (Q5,OQ5(1)), where Q5 ⊂ P6
is a possibly singular or reducible hyperquadric of P6.
Take a very ample divisor D on Y such that W6 = p∗D is a smooth 6-fold and let
Hi ∈ |L| be general hyperplane sections for i = 1, 2, 3, such that
W5 = W6 ∩H1, W4 = W6 ∩H1 ∩H2, V = X ∩H1 ∩H2 ∩H3
are smooth and dimS = 2 with S = F ∩V . Since KX + 4L ' p∗H for some ample line
bundle H on Y , by adjunction (W6, LW6) and (W5, LW6 |W5) = (W5, LW5) are scrolls
over a normal 3-fold Y3 ∈ |D|. Thus by [13, (3.2.3)] these pairs are actually classical
scrolls. Then (W4, LW5 |W4) is a scroll with at worst fibers of dimension two. Consider
the restriction pV : V → Y of p to V . By adjunction we have KV + LV ' p∗VH and
since Y is normal and the fibers of pV are connected, pV is the morphism associated to
|N(KV +LV )| for N >> 0. Since V is smooth, from [12, (4.2.14)] and [13, (1.3.3)] we
deduce that pV is the contraction of the extremal face
(KV + LV )⊥ ∩NE(X)− {0},
where “⊥” means the orthogonal complement (see also [19]). Thus from [20, (8-1-3)
and (8-1-4)(i)] it follows that pV is an extremal contraction (or a Fano–Mori contraction).
Assume that the two dimensional fiber S is not an isolated fiber of pV . Then S is contained
in a one dimensional family E of surfaces f such that pV (f) is a point and pV (E) is a
curve C on Y . Note that each surface f comes from a general fiber F̂ = P3 of p and since
LF̂ ' OP3(1), we deduce that f ∼= P2 with Lf ' Of (1). Then E is a P2-bundle over C
and
Kf = KV |f + c1(Nf |V ) = −Lf + c1(Nf |V ),
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i.e., c1(Nf |V ) = OP2(−2). From the exact sequence
0→ Nf |E ∼= Of → Nf |V → NE|V |f → 0,
we get NE|V |f = OP2(−2) and so Nf |V ∼= OP2 ⊕ OP2(−2). Since Y3 ∩ C 6= ∅ and
f ⊂ V ⊂ Hi for i = 1, 2, 3, then some f ’s are fibers of W4. By [13, (3.2.4)] or [12,
(14.1.4)] we know that Nf |W4 ∼= TP2(−2). Thus from the exact sequence
0→ Nf |V → Nf |X∩H1∩H2 → NV |X∩H1∩H2 |f → 0,
i.e.,
0→ OP2 ⊕OP2(−2)→ NP2|X∩H1∩H2 → OP2(1)→ 0,
it follows that c1(NP2|X∩H1∩H2) = OP2(−1) and c2(NP2|X∩H1∩H2) = −2. Since f ∼=
P2 ⊂W4 ⊂ X ∩H1 ∩H2, from
0→ Nf |W4 → Nf |X∩H1∩H2 → NW4|X∩H1∩H2 |f → 0,
that is,
0→ TP2(−2)→ NP2|X∩H1∩H2 → OP2 → 0,
we obtain that c2(NP2|X∩H1∩H2) = c2(TP2(−2)) = 1, a contradiction. Thus we can
assume that S is an isolated fiber of pV . By [8, (4.11)] we get that (S,LS) is one of the
following pairs:
(P2,OP2(1)), (P1 × P1,OP1×P1(1, 1)), (S2,O(1)), (P2 unionsq P2,O(1)),
where S2 is the (normal) cone defined by contracting the curve of minimal self-intersec-
tion C0 on the Hirzebruch surface F2 to a normal point. Then L5F = L2S ≤ 2 and since
LF is very ample, we obtain the claim.
Consider now a limit P of general fibers F̂ of p. Since L is very ample and F̂ ∼= P3,
we see that P ∼= P3. Then the fiber F must contain at least a linear space P ∼= P3. Since
P ⊂ X is a smooth irreducible subvariety of degree one relative to L, from [12, (6.6.1)]
we know that |L ⊗ IP | is spanned by global sections on X . So by [12, (1.7.5)] we can
take a general hyperplane H1 containing P ∼= P3 and such that X ∩ H1 is a smooth 6-
fold. Take a general hyperplane section H2 such that P2a = P ∩H2 and X ∩H1 ∩H2 is
a smooth 5-fold. By arguing as above, we can take an hyperplane H3 containing P2a and
such that V = X ∩H1 ∩H2 ∩H3 is a smooth 4-fold with a fiber S = F ∩ V given by
either P2a in Case (i) or P2a unionsq P2 in Case (ii). Consider a line l ⊂ P2a and by [12, (6.4.2)]
let ρ = contR : V → T be the contraction of the extremal ray R = R+[l] onto a normal
4-fold T such that pV = µ ◦ ρ, where µ : T → Y has connected fibers. Let E be the
locus of R. Note that ρ(P2a) is a point and so P2a ⊂ E. In particular, if ρ(E) = ρ(S),
then E ⊆ S. By results of [18], [8], [7] (see also [3, (4.1.3)]), shrinking eventually the
morphism ρ, we obtain the following possibilities:
(1) ρ has signature (2, 0) and E = S = P2a with NS|V ∼= OP2(−1)⊕2;
150 Andrea Luigi Tironi
(2) ρ has signature (3, 1), E is an irreducible P2-bundle, S = P2a and either
(a) NS|V ∼= OP2(−1)⊕OP2 ; or
(b) NS|V ∼= OP2(−2)⊕OP2 ;
(3) ρ has signature (3, 1),E is an irreducible quadric bundle over a curve and S = P2aunionsqP2
with NS|V ∼= O(−1)⊕O;
(4) ρ has signature (3, 2) with
(c) S = P2a and N ∗S|V ∼= TP2(−1)⊕OP2(1)/OP2 ;
(d) S = P2a and N ∗S|V ∼= O⊕4P2 /OP2(−1)⊕2;
(e) S = P2a unionsq P2 with N ∗S|V ∼= TP2(−1) unionsq (OP2 ⊕OP2(−1)).
Since by adjunction we have that
OP2a(−3) = KP2a = KV |P2a + c1(NP2a|V ) ' −LP2a + c1(NP2a|V ),
i.e., c1(NP2a|V ) = OP2a(−2), it follows that Cases (2)(a), (3) and (4)(e) are not possible.
This gives that Case (ii) in the Claim does not occur.
Let us work out Cases (1) and (2)(b). Actually, since F ∼= P5 andNF |X |P2a
∼= NP2a|V ,
from [25, (2.3.2)] we deduce thatNF |X ∼= OP5(−1)⊕2,OP5 ⊕OP5(−2). Therefore, from
the exact sequence
0→ NP |F ∼= OP3(1)⊕2 → NP |X → NF |X |P → 0,
we see that c2(NP |X) 6= 0, but this gives a contradiction since the normal bundle of
P ∼= P3 in X is a specialization of the trivial one.
Finally, consider Cases (4)(c) and (4)(d). Put ci := ci(NP2a|V ) for i = 1, 2. Then, we
have the following possibilities:
• (c1, c2) = (−2H, 2H2) in Case (4)(c);
• (c1, c2) = (−2H, 3H2) in Case (4)(d),
where H is the class of a hyperplane in a linear space. Since P2a ⊂ V ⊂ X ∩H1, from
the following exact sequence
0→ NP2a|V → NP2a|X∩H1 → NV |X∩H1 |P2a
∼= OP2a(1)⊕2 → 0,
we deduce that
ci(NP2a|X∩H1) = 0 for i = 1, 3, 4 and c2(NP2a|X∩H1) = H2 + c2 + 2Hc1.
Since P2a ⊂ P ⊂ X ∩H1, consider the exact sequence
0→ NP2a|P ∼= OP2a(1)→ NP2a|X∩H1 → NP |X∩H1 |P2a → 0.
Then we have that
c1(NP |X∩H1 |P2a) = c1(NP |X∩H1)|P2a = −H
and
c2(NP |X∩H1 |P2a) = c2(NP |X∩H1)|P2a = 2H
2 + c2 + 2c1H,
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and this gives
c1(NP |X∩H1) = −H and c2(NP |X∩H1) = 2H2 + c2 + 2c1H.
Moreover, since P ⊂ X ∩H1 ⊂ X , consider also the following exact sequence
0→ NP |X∩H1 → NP |X → NX∩H1|X |P ∼= OP3(1)→ 0.
Since NP |X is a specialization of a trivial bundle, then ci(NP |X) = 0 for i = 1, 2, 3, and
in Case (4)(c) we have a numerical contradiction, while in Case (4)(d) we obtain
c3(NP |X∩H1) = −H3, c2(NP |X∩H1) = H2 and c1(NP |X∩H1) = −H.
Finally, since P ⊂ P4 = F ∩H1 ⊂ X ∩H1, consider the exact sequence
0→ NP |P4 ∼= OP3(1)→ NP |X∩H1 → NP4|X∩H1 |P → 0.
Put Ci := ci(NP4|X∩H1 |P ) for i = 1, 2. Thus we get the system
C1 +H = −H
C2 + C1H = H2
C2H = −H3
but its resolution gives a numerical contradiction.
So we conclude that for any n ≥ 2m− 1 with m ≤ 4, all fibers of p are of dimension
n − m. Therefore by [15, (2.12)] p is a Pd-bundle over the smooth manifold Y with
d = n−m ≥ m− 1 and m ≤ 4. 2
In particular, as consequences of Theorem 2.2, we get the following
Corollary 2.3. Let (X,L) be an n-dimensional scroll, p : X → Y , over a normal pro-
jective variety Y of dimension m ≥ 4 and let L be a very ample line bundle on X . Let
Z := {y ∈ Y | dim p−1(y) > n−m}. If the general fiber of p has dimension bigger or
equal to 3, then codY Z ≥ 5.
Proof. By slicing with general hyperplane sections on Y we can assume that m = 4 and
dimX = n−m+ 4. Hence Z = ∅ by Theorem 2.2. 2
Proposition 2.4. Let X be a smooth projective (2m−2)-fold, L an ample line bundle on
it. Assume that (X,L) is an adjunction-theoretic scroll over a m-fold Y with 3 ≤ m ≤ 4
and let φ : X → Y be the scroll projection. If X ∈ |L| where L is a very ample line
bundle on a smooth (2m − 1)-fold M , and the restriction of L to X is L, then M is a
Pm−1-bundle on Y and φ : X → Y either is a Pm−2-bundle on Y or it has some special
fibers isomorphic to Pm−1. In particular, φ has no divisorial fibers.
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Proof. We have
(KM +mL)X ' KX + (m− 1)L ' φ∗H (δ)
for some ample line bundle H on Y . Then by [28, (2.1)] KM + mL is nef and some
positive power of it gives a morphism Φ : M → PN . Note that by the reasoning in the
proof of [28, (0.3.2)] one has Φ(M) = Y and (δ) becomes
(KM +mL)X ' φ∗H ' (Φ∗H)X .
Then (KM + mL) ' Φ∗H and (M,L) is an adjunction-theoretic scroll over Y under
Φ. Since dimM = 2m − 1 = 2 dimY − 1, from Theorem 2.2 it follows that M is
a Pm−1-bundle over Y . Therefore the dimension of any fiber of Φ, and hence of φ, is
bounded by m − 1 < 2m − 3 = dimX − 1 and so by [15, (2.12)] and [6, (4.1)(ii)] we
obtain the statement. 2
3 Classical scrolls
Let X be a smooth n-fold with n ≥ 4 and let L be an ample line bundle on X . Assume
that (X,L) is a Pk-bundle, pi : X → Y , over a smooth variety Y of dimension m.
Then (X,L) ∼= (P(E),OP(E)(1)), where E = pi∗L is an ample vector bundle over Y
of rank k + 1. We know that for n ≥ 2m − 1 the polarized pair (X,L) is also an
adjunction-theoretic scroll over Y except for a few exceptions (see [11, (2.1)]). As to the
case n = 2m− 2, i.e., k = m− 2, we give here the following immediate consequence of
[23], [11, (3.1)] and [1, Theorem].
Proposition 3.1. Let X be a smooth n-fold and let L be an ample line bundle on X .
Assume that (X,L) ∼= (P(E),OP(E)(1)) is a Pn−m-bundle, pi : X → Y , over a smooth
variety Y of dimension m ≥ 3 with E = pi∗L. If n = 2m − 2, then (X,L) is an
adjunction-theoretic scroll over Y under pi unless either:
(a) Y ∼= Pm and E ∼= OPm(1)⊕m−1, OPm(2)⊕OPm(1)⊕m−2,
OPm(2)⊕2 ⊕OPm(1)⊕m−3, OPm(3)⊕OPm(1)⊕m−2;
(b) Y ∼= P3 and E is isomorphic to the twist N (2) of a null-correlation bundle N on
P3;
(c) Y ∼= Qm and E is either OQm(1)⊕m−1 or OQm(2)⊕OQm(1)⊕m−2;
(d) Y ∼= Q4 and E ∼= S(2)⊕OQ4(1), where S is a spinor bundle on Q4 ⊂ P5;
(e) Y ∼= Q3 and E ∼= S(2), where S is a spinor bundle on Q3 ⊂ P4;
(f) Y ∼= P2 × P1 and E is either OY (2, 1) ⊕ OY (1, 1) or p∗1(TP2) ⊗ OY (0, 1), where
p1 : Y → P2 is the projection of Y onto the first factor;
(g) Y ∼= P2 × P2 and E ∼= OP2×P2(1, 1)⊕3;
(h) Y is a Del Pezzo 3-fold with b2(Y ) ≥ 2 such that −KY ' (m− 1)H for an ample
line bundle H on Y and E ∼= H⊕2;
(i) Y is a Del Pezzo m-fold with b2(Y ) = 1, i.e., Pic(Y ) is generated by an ample line
bundle OY (1) such that −KY ' OY (m− 1) and E ∼= OY (1)⊕m−1;
(l) there is a vector bundle V on a smooth curve C such that Y ∼= PC(V) and EF ∼=
OF (1)⊕m−1 for any fiber F ∼= Pm−1 of Y → C;
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(m) m ≥ 4 and there is a surjective morphism f : Y → C onto a smooth curve C
such that any general fiber F of f is a smooth hyperquadric Qm−1 in Pm with
EF ∼= OF (1)⊕m−1;
(n) m ≥ 4 and there is a vector bundle V on a smooth surface S such that Y ∼= PS(V)
and EF ∼= OF (1)⊕m−1 for any fiber F ∼= Pm−2 of Y → S;
(o) m = 3 and (X,L), (Y, det E) are Del Pezzo fibrations, ϕ : X → C,α : Y → C,
over a smooth curve C with ϕ = α ◦ p. Let ∆, D be the general fibers of ϕ, α
respectively. Then either
• D ∼= P2 and either ∆ ∼= P(OP2(2)⊕OP2(1)) or ∆ ∼= P(TP2), or
• D ∼= P1 × P1 and ∆ ∼= P1 × P1 × P1;
(p) m = 3, (X,L) is a quadric fibration ϕ : X → S over a smooth surface S and X is
the fiber product Y ×S Y ′ where Y, Y ′ are both P1-bundle α : Y → S, α′ : Y ′ → S
over S in the complex topology. Furthermore, KY + det E ∼= α∗H for some ample
line bundle H on S;
(q) there exists a smooth projective m-fold W and a morphism pi : Y → W expressing
Y as blown up at a finite set B of points and an ample vector bundle E ′ on W such
that E = pi∗E ′ ⊗ [−pi−1(B)] and KW + det E ′ is ample.
In particular, for n ≥ 6 and m = 4, we deduce from Proposition 3.1 the following
Corollary 3.2. Let X be a smooth n-fold with n ≥ 6 and let L be an ample line bundle
on X . Assume that (X,L) ∼= (P(E),OP(E)(1)) is a Pn−4-bundle, pi : X → Y , over a
smooth 4-fold Y, E = pi∗L. Then (X,L) is an adjunction-theoretic scroll over Y under pi
unless either:
1. n = 8, Y ∼= P4 and E ∼= OP4(1)⊕5;
2. n = 7, Y ∼= P4 and E ∼= OP4(1)⊕4, OP4(2)⊕OP4(1)⊕3, TP4 ;
3. n = 7, Y ∼= Q4 and E ∼= OQ4(1)⊕4;
4. n = 7 and there is a vector bundle V over a smooth curve C such that Y ∼= PC(V)
and EF ∼= OF (1)⊕4 for any fiber F ∼= P3 of Y → C;
5. n = 6, Y ∼= P4 and E ∼= OP4(1)⊕3, OP4(2) ⊕ OP4(1)⊕2, OP4(2)⊕2 ⊕ OP4(1),
OP4(3)⊕OP4(1)⊕2;
6. n = 6, Y ∼= Q4 and E ∼= OQ4(1)⊕3,OQ4(2)⊕OQ4(1)⊕2, E ∼= S(2)⊕OQ4(1), where
S is a spinor bundle on Q4 ⊂ P5;
7. n = 6, Y is a Del Pezzo 4-fold with −KY ∼= 3H and E ∼= H⊕3;
8. n = 6 and there is a vector bundle V on a smooth curve C such that Y ∼= PC(V)
and EF ∼= OF (1)⊕3 for any fiber F ∼= P3 of Y → C;
9. n = 6 and there is a surjective morphism f : Y → C onto a smooth curve C such
that any general fiber F of f is a smooth hyperquadricQ3 in P4 with EF ∼= OF (1)⊕3;
10. n = 6 and there is a vector bundle V on a smooth surface S such that Y ∼= PS(V)
and EF ∼= OF (1)⊕3 for any fiber F ∼= P2 of Y → S;
11. n = 6 and there exists a smooth projective 4-fold W and a morphism pi : Y → W
expressing Y as blow up at a finite set B of points and an ample vector bundle E ′ on
W such that E ∼= pi∗E ′ ⊗ [−pi−1(B)] and KW + det E ′ is ample.
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Proof. If n ≥ 9, then k = n − 4 ≥ 5 > dimY and so (X,L) is an adjunction-theoretic
scroll over Y by [11, (2.1.1)]. If 6 ≤ n ≤ 8, then we can conclude by [11, (2.1.2), (2.1.3)]
and Proposition 3.1. 2
Remark 3.3. Using [2, (5.1)], we can obtain satisfactory results similar to Proposition 3.1
and Corollary 3.2 also for the cases n = 2m− 3,m ≥ 5 and n ≥ 7,m = 5 respectively.
Therefore, for Pn−4-bundles, pi : X → Y , over smooth varieties Y of dimensions
m = 4 with n = dimX ≥ 5, it remains to consider the case n = 5. Note that [2, (5.1)]
does not cover completely this situation since there the results work well only for m ≥ 5.
On the other hand, in line with the proof of [11, (3.1)] and together with [4, Proposi-
tion 6], and [24, (1.3)] we finally deduce the following result for n = 5 and m = 4.
Proposition 3.4. Let X be a smooth 5-fold and let L be an ample line bundle on X .
Assume that (X,L) ∼= (P(E),OP(E)(1)) is a P1-bundle, pi : X → Y , over a smooth
4-fold Y, E = pi∗L. Then (X,L) is an adjunction-theoretic scroll over Y under pi unless
either:
1. Y ∼= P4 and E ∼= OP4(1)⊕2,OP4(2)⊕OP4(1),OP4(3)⊕OP4(1),OP4(2)⊕2;
2. Y ∼= Q4 and E ∼= OQ4(1)⊕2,OQ4(2) ⊕ OQ4(1),S ⊗ OQ4(2), where S is a spinor
bundle on Q4;
3. Y is a Del Pezzo 4-fold with Pic(Y ) ∼= Z[H],−KY = 3H and E ∼= H⊕2;
4. there is a vector bundle V on a smooth curve C such that Y ∼= PC(V) with projection
p : PC(V)→ C and either
(α) E ∼= ξV ⊗ p∗G with EF ∼= OP3(1)⊕2 for any fiber F ∼= P3 of p, where G is an
ample vector bundle of rank two on C and ξV is the tautological line bundle on
Y , or
(β) there exists an exact sequence 0 → p∗L ⊗ ξ⊗2V → E → p∗H ⊗ ξV → 0 with
EF ∼= OP3(2) ⊕ OP3(1) for any fiber F ∼= P3 of p, where L and H are line
bundles on C;
5. there exists a hyperquadric fibration q : Y → C of the relative Picard number one
over a smooth curve C, a q-ample line bundle OY (1) on Y and an ample vector
bundle G of rank two on C such that E ∼= OY (1)⊗ q∗G with EF ∼= OQ3(1)⊕2 for any
fiber F ∼= Q3 ⊂ P4 of q;
6. there is a vector bundle V on a smooth surface S such that Y ∼= PS(V) and EF ∼=
OP2(1)⊕2 for any fiber F ∼= P2 of Y → S;
7. Y is a Fano 4-fold, KX ' −2L and (X,L) is a ruled Fano 5-fold of index two over
Y (see [22] for a detailed description of these pairs);
8. (X,L), (Y,det E) are Mukai fibrations, g : X → C, f : Y → C, over a smooth
curve C and g = f ◦ pi; moreover, if Fg and Ff are general fibers of g and f
respectively, then one of the following possibilities can occur:
(a) Ff ∼= P3 and Fg ∼= P(N (2)), where N is the null-correlation bundle on P3;
(b) Ff ∼= P3 and either Fg ∼= P(OP3(2)⊕2) or Fg ∼= P(OP3(1)⊕OP3(3));
(c) Ff ∼= Q3 and either Fg ∼= P(OQ3(1) ⊕ OQ3(2)) or Fg ∼= P(S(2)), where S is
the spinor bundle on Q3 ⊂ P4;
(d) Ff ∼= P2×P1 and either Fg ∼= P1×P(TP2) or Fg ∼= P1×P(OP2(1)⊕OP2(2));
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(e) Ff is a Del Pezzo 3-fold, i.e., −KFf = 2H for an ample line bundle H on Ff
and Fg ∼= P(H⊕2) ∼= P1 × Ff ;
9. (X,L), (Y, det E) are Del Pezzo fibrations, g : X → S, f : Y → S, over a normal
surface S and g = f ◦ pi; moreover, if Fg and Ff are general fibers of g and f
respectively, then one of the following cases can occur:
(A) Ff ∼= P2 and either Fg ∼= P(OP2(1)⊕OP2(2)) or Fg ∼= P(TP2);
(B) Ff ∼= P1 × P1, Fg ∼= P(OP1×P1(1, 1)⊕2) ∼= P1 × P1 × P1;
moreover, in Case (A) the surface S is smooth and f is a P2-bundle locally trivial in
the complex topology, while in Case (B) we have that f = h◦ϕR : Y ϕR−→ Z h−→ S,
where ϕR is the contraction of an extremal ray R such that either
(B1) the map ϕR is the blow-up of the smooth 4-fold Z at a point p and l(R) = 3,
where l(R) is the length of the extremal ray R, E = ϕ−1R (p) ∼= P3 is the
exceptional divisor of ϕR with EE = OP3(−1) and EE ∼= OP3(2)⊕OP3(1), or
(B2) l(R) = 2 and, if R is the locus of R and ∆ is a general fiber of the restriction
ϕR|R : R → ϕR(R), then one of the following possibilities holds:
(B2; 1) R = Y , (∆, E∆) ∼= (P2,OP2(1)⊕2) and Z is a projective variety with
at most isolated rational and Gorenstein singularities;
(B2; 2) R = Y , (∆, E∆) ∼= (Q2,OQ2(1)⊕2) and Z is a smooth surface;
(B2; 3) the contraction ϕR is divisorial and the triplet (R, [R]R, ER) is either
(P3,OP3(−2),OP3(1)⊕2) or (Q3,OQ3(−1),OQ3(1)⊕2), where Q3 ⊂
P4 is a possibly singular hyperquadric in P4;
(B2; 4) the contraction ϕR is the blowing-up along a smooth curve ϕR(R)
on the smooth 4-fold Z such that for all fibers ∆ ⊂ R we have that
(∆, E∆) ∼= (P2,OP2(1)⊕2);
10. (X,L), (Y,det E) are quadric fibrations, g : X → V, f : Y → V , over a normal
3-fold V and g = f ◦ pi; moreover, f factors through a contraction ρ of an extremal
ray R such that l(R) = 2, where l(R) is the length of R, and if R is the locus of
R and ∆ is a general fiber of the restriction ρR : R → ρ(R), then R = Y and
dim ∆ = 1, or
11. (X,L) is a scroll, g : X → Y ′, over a normal 4-fold Y ′ and a high multiple of
KY + det E defines a birational map, f : Y → Y ′, which contracts an extremal
face; let Ri, for i in a finite set of indices, be the extremal rays spanning this face;
call ρi : Y → W the contraction associated to one of the Ri. Then each ρi is
birational and divisorial; if D is one of the exceptional divisors (we drop the index)
and B = ρ(D), we have that dimB ≤ 1 and either
(i) f : Y → Y ′ is the blowing-up of Y ′ at a point and E fits into the following
exact sequence 0 → f∗E ′ ⊗ OY ′(−2D) → E → OY ′(−D) → 0, where E ′ is
a vector bundle of rank two on Y ′, D ∼= P3 is the exceptional divisor of f and
ED ∼= OP3(2)⊕OP3(1),
or one of the following possibilities can occur:
(ii) dimB = 0, D ∼= P3, D|D ' OP3(−1) and ED ∼= OP3(1)⊕2;
(iii) dimB = 0, D ∼= P3, D|D ' OP3(−2) and ED ∼= OP3(1)⊕2;
(iv) dimB = 0, D is a (possibly singular) quadric Q3, D|D ' OQ3(−1) and
ED ∼= OQ3(1)⊕2;
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(v) dimB = 1, W and B are smooth projective varieties, ρ is the blow-up of W
along B and Ef ∼= OP2(1)⊕2 for any fiber f ∼= P2 of ρ|D : D → B.
Proof. If KY + det E is not nef, then by [2, (5.1)] we obtain pairs (Y, E) as from Cases 1
to 6 and Case 11 (ii) of the statement.
Assume now that KY + det E is nef but not ample. Then there exists a curve C on
Y such that (KY + det E) · C = 0 and this shows that the nef value τ of the pair (Y, E),
i.e., the minimum of the set of real numbers t such that KY + tdet E is nef, is equal
to one. Moreover, by the Kawamata–Shokurov Base point free Theorem, we have that
m(KY + det E) is spanned for some integer m ≥ 0. Consider the relative morphism
f defined by m(KY + det E). By taking m >> 0, we can assume that f : Y → V
is a morphism with connected fibers and normal image V = f(Y ) of dimension k :=
dimV ≤ 4. Moreover, KY + det E ' f∗D for some ample line bundle D on V . Let
g = f ◦ pi, where pi : X = P(E)→ Y is the projection onto Y . Note that a general fiber
Fg of g is isomorphic to P(EFf ) for any general fiber Ff of f .
Let us proceed with a case-by-case analysis.
Let k = 0. Then KY + det E = OY and by the projection formula we have that
KX + 2L = OX . Thus (X,L) is a ruled Fano 5-fold of index two over a Fano 4-fold Y
(see [22]). This gives Case 7 in the statement.
Let k = 1. Then V is smooth curve and f is flat. Moreover, for a general fiber Ff
of f , since dimFf = 3, from [26, (0.3) and (0.4)] we deduce that (Ff , EFf ) is one of
the following pairs: (1) (P3,N (2)), where N is the null-correlation bundle on P3; (2)
(P3,OP3(2)⊕2); (3) (P3,OP3(1)⊕OP3(3)); (4) (Q3,S(2)), where S is the spinor bundle
on Q3 ⊂ P4; (5) (Q3,OQ3(1)⊕OQ3(2)); (6) (P2 × P1, pr∗1 (TP2)⊗OP2×P1(0, 1)), where
pr1 : P2 × P1 → P2 is the projection onto the first factor; (7) (P2 × P1,OP2×P1(2, 1) ⊕
OP2×P1(1, 1)); (8) Ff is a Del Pezzo 3-fold with b2(Ff ) = 1, that is, Pic(Ff ) is generated
by an ample line bundle OFf (1) such that −KFf ' 2OFf (1) and EFf ∼= OFf (1)⊕2; (9)
Ff is a Del Pezzo 3-fold with b2(Ff ) ≥ 2 and EFf ∼= H⊕2, where −KFf ' 2H for an
ample line bundle H on Ff . We only note that Cases (6) and (7) give Fg ∼= P1 × P(TP2)
and Fg ∼= P1 × P(OP2(1) ⊕ OP2(2)) respectively (see [30]). This gives Case 8 in the
statement.
Let k = 2. Then the general fiber Ff of f is a surface and since KFf + det EFf '
OFf , we see that (Ff ,det EFf ) is a Del Pezzo surface. Moreover, by arguing as in [11,
p. 67] we obtain that Ff is isomorphic to either P2 or P1 × P1. Thus by [16] we get that
(Ff , EFf ) is one of the following pairs: (a′) (P2,OP2(1) ⊕ OP2(2)); (b′) (P2, TP2); (c′)
(P1 × P1,OP1×P1(1, 1)). Note that f factorizes as f = h ◦ ϕR : Y ϕR−→ Z h−→ S, where
ϕR is the contraction of an extremal ray R. From [29, (2.4)] we know that l(R) ≤ 3.
Since −KY · C = det E · C = deg EC ≥ 2 for any curve C such that [C] ∈ R, we
conclude that 2 ≤ l(R) ≤ 3. Suppose that Ff ∼= P2. Since for any curve l ∈ |OP2(a)|,
a ≥ 1, we have
−KY l = −KFf l = OP2(3)OP2(a) = 3a ≥ 3 >
1
2
(
dimY + 1
)
,
by [2, (1.12)] we obtain that f is an elementary contraction, i.e., f = ϕR, and from
[4, Propostion 2] it follows that f is equidimensional and Z ∼= S is smooth. Using a
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similar argument as in [1, (2.2)] we see that f is a P2-bundle locally trivial in the complex
topology over a smooth surface S. This leads to Case 9 (A) of the statement. Assume
now that Ff ∼= P1 × P1. If l(R) = 3, then ϕR cannot be of fiber type. Otherwise, by
[4, Propositions 1 and 2] we have that Z is a smooth surface and the general fiber of
ϕR is a P2. By arguing as in [1, (2.2)] we deduce that any fiber of ϕR is a P2, but this
contradicts that the general fiber of f = h ◦ ϕR, with h birational, is a P1 × P1. Thus
ϕR is birational and [5, (1.1)] gives that ϕR is the blow-up of Z at a smooth point p such
that E = ϕ−1R (p) is the exceptional divisor. Since [E]E = OP3(−1), we deduce that
c1(EE) = det EE = −KY |E = OP3(3), that is, EE ∼= OP3(2) ⊕ OP3(1). This gives
Case 9 (B1). Finally, if l(R) = 2, by arguing as in [4, Proposition 6] we deduce all the
possibilities of Case 9 (B2). This completes Case 9 of the statement.
Let now k = 3. Then (X,L) and (Y,det E) are quadric fibrations over a normal 3-fold
V . From the Cone Theorem, we know that there exists an extremal ray, R, subordinate to
f , i.e., such that (KY + det E) · R = 0. Let ρ : Y → Z be the contraction of R. Then f
factors through ρ, f = β ◦ ρ. Let R be the locus of R and let δ be a general fiber of the
restriction ρR : R → ρ(R). By the Ionescu–Wis´niewski inequality (see [17, (0.4)] and
[31, (1.1)]), we get
2 dimR ≥ dimR+ dim δ ≥ 4 + l(R)− 1 ≥ 5,
where l(R) is the length of the ray R. Thus we have the following possibilities:
(A′) dimR = 4,dim δ = 1; (B′) dimR = dim δ = 3; (C′) dimR = 3,dim δ = 2.
Let us assume that 2 ≤ dim δ ≤ 3. Clearly, f(δ) is a point, v ∈ V . Let p be a
point of δ such that p does not belong to any other irreducible component of f−1(v).
By taking a limit of general fibers of f , we can get a curve C contained in f−1(v) and
with p ∈ C. Note that C is a union of rational curves since the general fiber Ff of
f is a rational curve. Note also that C is numerically equivalent to Ff and therefore
det E · C = det E · Ff = −KY · Ff = 2. Since E is an ample rank-2 vector bundle, it
follows that C is irreducible. Therefore C must be contained in δ and hence [C] ∈ R.
Then we have also [Ff ] ∈ R and this implies that R = Y , but this is a contradiction.
Thus only Case (A′) can occur and this leads to Case 10 of the statement.
Finally, let k = 4. Then V is a normal 4-fold and g : X → V is an adjunction-
theoretic scroll. Recall that each fiber F of pi is contained in fibers of g sincem(KX+2L)
is trivial on F . If f is a finite morphism, since both pi and g have connected fibers, we
get a contradiction unless deg f = 1 which means that f is an isomorphism. Thus in this
case (X,L) should be a scroll under pi. Therefore we can assume that f is a birational
morphism, and since f is given by |m(KY + det E)|, m >> 0, we see that KY + det E
is nef and big but not ample. Thus we conclude as in [4, Proposition 6] (or [24, (1.3)])
obtaining Cases 11 (i), 11 (iii), 11 (iv) and 11 (v) of the statement. 2
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